Electrostatic polarization is important in many nano-/micro-scale physical systems such as colloidal suspensions, biopolymers, and nanomaterials assembly. The calculation of polarization potential requires an efficient algorithm for solving 3D Poisson's equation. We have developed a useful image charge method to rapid evaluation of the Green's function of the Poisson's equation in the presence of spherical dielectric discontinuities. This paper presents an extensive study of this method by giving an convergence analysis and developing a coarse-graining algorithm. The use of the coarse graining could reduce the number of image charges to around a dozen, by 1-2 orders of magnitude. We use the algorithm to investigate the interaction force between likely charged spheres in different dielectric environments. We find the size and charge asymmetry leads to an attraction between like charges, in agreement with existing results. Furthermore, we study three-body interaction and find in the presence of an external interface, the interaction force depends on the curvature of the interface, and behavior a non-monotonic electrostatic force.
I. INTRODUCTION
Electrostatic interaction is of fundamental importance in many fields of sciences at nano/micro scales. The longrange and many-body characters of the interaction lead to various challenges in the understanding of complex electrostatic phenomena [1] [2] [3] . One debate in electrostatics is the like-charge attraction (LCA) in colloidal science, which is not in agreement with the prediction based on the classical Poisson-Boltzmann (PB) theory. The LCA has been observed in a lot of experimental studies [4] [5] [6] , motivating wide computational and theoretical interest to understand Coulomb many-body phenomena (see [2, 7, 8] for reviews).
One of the central issues is the polarization effect due to the presence of dielectric interfaces. The dielectric constant of nano/microparticle materials could range from about 2 (hydrocabon objects) to the infinity (metallic objects), while that of surrounding environments could range from 1 ∼ 2 (air) to 80 (water) [3] . The pairwise interaction potential and the ion distribution surrounding nanoparticles significantly depend on the dielectric properties of the system. The effect of dielectric discontinuities has been often studied in various systems such as colloidal suspensions, liquid droplets in clouds, selfassembly of nanoparticles, and biopolymers.
The polarization due to interfaces remains a technical difficulty for particle-based computer simulations, and its algorithm development has attracted up-to-date attention [9] [10] [11] [12] . Direct numerical solutions of the Poisson's equation with finite element methods [13] are intensive for Monte Carlo (MC) and molecular dynamics (MD) simulations (for a survey of electrostatic algorithm in sim- * Electronic address: xuzl@sjtu.edu.cn ulations, see [14] ), and analytical solutions are only available for simple geometries such as one spherical interface or cylindrical interface where harmonics series expansions or methods of image charges [15] [16] [17] [18] [19] can be employed. In simulations of electrolyte systems at room temperature, for instance, image effects has been widely studied in order to understand many-body electrostatic phenomena observed in colloidal suspensions or electric double layers [11, [20] [21] [22] [23] [24] , and it could enhance the charge inversion of the colloid-microion complex at certain conditions [25] [26] [27] . For the LCA, it has been shown the entropy effect [28] [29] [30] [31] [32] [33] [34] plays a main mechanism and it is not completely clear what is the role of image charges. This motivates us to develop a faster algorithm for Green's function problems in the presence of multiple spheres, used for simulations of such systems. The main emphasis of this study is the algorithm issues for the image potential of multiple spheres, suitable for general systems of different applications. The MC simulations of colloid-colloid interactions in salt solutions by incorporating both the image charge and the entropy contributions will be discussed in a separate publication.
The electrostatic calculation between multiple dielectric spheres usually needs to use bi-spherical harmonic expansion [35] [36] [37] [38] . Spherical harmonics are computationally expensive and slowly convergent for ions approaching to the surfaces in MC and MD simulations. Other methods have also been developed [12, 39, 40] . But, mostly analytical-based studies limit to no more than two spheres. Alternatively, we have extended the discrete image approximation [41] of the Neumann's image principle to multiple spheres by reflections of discrete image charges among different interfaces [42] . In this paper, we will present an extensive study and aspects such as the coarse-graining strategy and the convergence analysis will be proposed. Furthermore, we investigate the interaction force between likely charged spheres un-der size and charge asymmetries, and in the presence of an external interface, where the surface charge distribution is modeled by discrete charges. The phenomenon of LCA at the conducting limit was widely known, and this work provides an efficient tool for a quantitative study of many-sphere interactions at finite dielectrics.
II. METHOD
We are interested in a system made of a cluster of dielectric spheres and a large number of ions with space charge distribution ρ(r) = j q j δ(r − r j ), where δ(·) is the Dirac delta, r j and q j is the location and charge of the jth ion. The electric potential Φ of the system satisfies the Poisson's equation,
We suppose the permittivity inside the dielectric spheres is ε i which could be varied for different spheres, and in the bulk solvent it is ε o , then ε(r) is piecewise constant. Eq. (1) implies the boundary conditions on the spherical surfaces, namely, the electric potential Φ and the electric displacement ε(r)∂Φ(r)/∂n are continuous across the dielectric interfaces. Suppose the electric potential decays to zero at the bulk solvent far away from the dielectric spheres. The solution of Eq. (1) can be written as [43] ,
where G(·, ·) is called the Green's function of the Poisson's equation, described by,
Physically, the Green's function is the electric potential produced by a unit point charge at the source point r ′ . Once the Green's function is explicitly given, we obtain the solution of the Poisson's equation for an arbitrary charge distribution by Eq. (2). As source charges are located outside spheres or on the interfaces, we rewrite the Green's function outside the dielectric spheres as the sum of the Coulomb potential and the polarization potential,
with Φ coul (r) = 1/ε o |r − r ′ |, the Green's function in free space.
A. Method of image charges
For the problem of a unique dielectric sphere in the system, it is known the Green's function solution can be obtained by the spherical harmonics series in the spherical coordinates [43] or by the image charges, and our discussion focus on the later one. Suppose R is the radius of the sphere, r and r ′ are radial distances of r and r ′ , and the spherical center is the coordinate origin. The Neumann's image principle [16] expresses the polarization potential as a line integral (See also [10, 41] for recent work),
with
are three real constants, and
It can be seen the Dirac delta function in the line charge density corresponds to a point charge called the Kelvin image at r K , and the Heaviside function H(·) corresponds to a continuous line charge. The integral is from the origin to the point of the Kelvin image along the radial direction. A Gauss-Legendre quadrature to the continuous line integral leads us to discrete image charges for approximating the polarization potential [41] ,
where q 1 = −γR/r ′ and x 1 = r K are the parameters of the Kelvin image charge, and q m = ω m γR/(2r ′ ) and , which can be found in many literature; for example, Numerical Recipes [44] . Besides the Gauss quadrature, the integral can be approximated by a hypergeometric function [11] , and historically other approximate methods of images [45] [46] [47] are also developed.
When multiple dielectric interfaces are present in the system, the polarization potential is constructed by reflections between different surfaces, as is illustrated in Figure 1 . Suppose we have N dielectric spheres. First of all, for a source charge, M image point charges are generated in each sphere by using the image expression for one sphere, Eq. (7). The potential due to the summation of the source charge and the image charges in a specified sphere satisfies the interface conditions on this spherical surface, but fails to satisfy the interface conditions on the other spherical surfaces, and therefore M new image charges in each of the other sphere have to be used for each image charge. This procedure is recursively performed (see Figure 1 ), leading to the following expression for the polarization potential of the whole system:
where the subscript "j k m k j k−1 m k−1 · · · j 1 m 1 " refers to the next-level image charges of the charge with subscript
In Eq. (8), there are N M image charges in the first term, which is double sums and we call they are the images at the first level. The nth term is called the nth level, which is 2n-fold sums and with N (N − 1) n−1 M n images. We truncate the series at Lth level,
where Φ i is the 2i-fold sums for images at the ith level, then the total number of image charges is,
A simple truncation of the series may lead to low accuracy and expensive computation. It could be noticed that, in the one-sphere problem the Kevin image charge has an opposite sign of the image line density, and overall they are electric-neutral and behavior like a dipole. Higher levels give higher order multipoles, and presumedly the series (8) has a very fast convergence. All image charges are concentrated inside spheres with a high density. It is favorable to combine some of them together by a coarse-graining strategy. This will greatly reduce the number of image charges, as is discussed later on.
B. Convergence analysis
The dependence of the convergence of the image expression (8) on M can be estimated by the truncation error of the Gauss quadrature which has a fast convergence. Usually two to three discrete points will provide a high accuracy to approximate the line integral [10, 41] . In this section, our analysis focuses on the dependence on L, the levels of reflections.
We consider a special case that two spheres of the same radius R with separation d = r 12 − 2R and r 12 being the distance between two centers. The convergence rate as function of ǫ = d/R is estimated. We calculate the self energy of a unit source charge, which is equivalent to calculating the polarization potential at the source point. The source charge is placed at the middle of two spheres, and the convergence is faster if the source charge deviates from this point. For asymmetric spheres, the following estimation still holds by taking ǫ = d/R > where R > is the larger radius. Therefore we need only do the analysis for the special case to get a lower bound of the convergence rate.
We take M = 2 so each reflection of a charge results in an image dipole. Suppose an image charge q I at r I distance to the center of the sphere including itself. Let r s = r 12 − r I and ν = (1/2) 1/σ , then the potential contribution of this image charge at the source site is,
Then this image's image dipole within the other sphere have the potential contribution,
Let us define y = r s /R, then recalling ǫ = d/R we have,
We calculate the absolute of the ratio between two potentials ϑ = Φ I /Φ II , which is
By using inequalities (12), a simple derivation gives us an estimation of the convergence rate,
where η = 1 + ǫ/2. The charges at the l-th level are the images of those at the (l − 1)-th level, thus Eq. (14) provides a lower bound of the reflection at every level. We therefore obtain a convergence estimation of the truncation error, ∼ 1/|ϑ| L , with respect to the reflection number L.
And at a certain separation distance, for example, ǫ ≥ 1, the convergence of the image approximation is fast. At the limit of infinite radius, ǫ = 0 and η = 1 and the convergence rate is bigger than a constant value, 1/|γ|.
C. The coarse-graining algorithm
After a couple of reflections, mostly image charges will be within the half radius of each sphere. We develop a coarse-graining technique to reduce the number of image charges, which is useful for dynamical simulations.
When the image system of a source has been generated from Eq. (8), we do the following procedure by comparing all pairs of image charges inside every sphere. Let δ > 0 be a given error criteria. Suppose r j,m and r j,n are the location of two image charges due to the source j within sphere k, which has center O k and radius R k . If they both have radial distances less than half the radius, i.e., |r j,m − O k | and |r j,n − O k | < 0.5R k , we calculate the distance between two points
This distance is compared with the product of the distance criteria and the radius, and if d mn < R k δ, then we combine these two charges together, and place the new image charge at the weighted center of the two charges. Let w m = |q j,m |/(|q j,m | + |q j,n |) and w n = 1 − w m , then the charge position is at w m r j,m + w n r j,n , and the charge strength is trivially the sum of two charges, q j,m + q j,n . In the worst case, the coarse-graining algorithm has the error ∼ O(δ) for the polarization potential which is independent of the radius of the sphere. However, this estimate is conservative if we recall the polarization potential is a dipole effect in global. The performance of the algorithm will be discussed in the following section.
III. RESULTS
In this section, the interaction between charged spheres with different dielectric permittivities is investigated. We suppose the surrounding environment of the spheres is a homogeneous dielectric, which can be considered as a mimic of highly dilute solutions or a dielectric material in vacuum.
We consider two spheres of radii R 1 and R 2 with scaled separation d = (r 12 − R 1 − R 2 )/R 1 , each has N = 60 charges on its surface. The electrostatic energy of the system is composed of source-source interactions and the source-image interactions,
where k ranges over all images of the jth source charge, and the image strengths and locations depend on the separation distance. The prime at the northeast of the summation represents that when i = j the source-source interaction and the interaction between source and its first few images which do not change with d should be not included. We define the interaction force between spheres by the negative gradient of the energy along the separation,
Positive value of F represents a repulsion between two particles, and negative one represents an attraction. We use dimensionless unit by setting ε o = 1, the radius R 1 = 1 and interfacial ion valence q i = Q 1 = 1/N for the first sphere. The system asymmetries are described by
The configuration of interfacial ions are generated from an MC simulation of Coulomb repulsive particles on the surface. With the zero-temperature limit, the particles form a quasi Wigner-crystal structure, which is considered the ions are uniformly embedded on the surface in our study. The configuration of the second sphere is a rotation of the first one, which minimizes the interaction energy of the ions between two spheres, and the ion distribution does not change with the varying of the interspherical separation. Figure 2 depicts the ion distribution on the two surfaces.
FIG. 2:
The ion distribution on the surface of two spheres, generated by minimizing the electrostatic energy.
A. Validation of accuracy for different parameters
We let R = 1, Q = 1 and two sets of dielectric ratios ε = 0.02 and 20. These sets of systems are used to test the convergence and accuracy of the approximation with image charges. We compare the solutions between different numbers of discrete points for an image line, M , and deeps of reflection levels, L. The results are illustrated in Figure 3 , where the "exact" is the reference solution from large L and M. It is seen all curves are very accurate for a separation d > 0.5. For small d, however, more images should be used. The approximation has a fast convergence to M , and M = 2 is already a useful accuracy since the charge neutrality is satisfied. In regard to the parameter L, the convergence has a dependence on ε. For small ε, the image solution converges rapidly with L. For large ε, an odd L gives a fast convergence. This makes sense because the Kelvin image shares the same sign as the source for ε < 1. While for ε > 1, the Kelvin image has an opposite sign, requiring the truncation at odd L.
To test the performance of the coarse-graining algorithm, we calculate the same system as in Figure 3 for the case ε = 20, and two sets of parameters L = 3, M = 3 and L = 5, M = 3, denoted by L3M 3 and L5M 3, which lead to 78 and 726 image numbers, respectively. We take δ = 0.001, 0.005 and 0.01. The number of image charges and the relative errors of the force deviated from the original image charges as a function of the separation d is illustrated in Figure 4 . The coarse graining reduces the numbers of L3M 3 and L5M 3 to around 15 and 90, decreased by a factor of 5 and 8, respectively, in the case of d < 0.4. The image number is further decreased for a larger d, as is shown that most of curves drop down to less than 10 with the increase of d. For the relative errors of the forces of L5M 3 with the coarse graining compared to those of original image charges, all three δ gives high accuracy, generally, less than 1%, except a point at d = 0.725 for δ = 0.01. In the following calculations, L5M 3 will be used, for which the image method has a reasonable accuracy for both small and large dielectric contrast.
B. Size and charge asymmetries
Many literature has documented that likely charged spheres attract one each other due to the polarization under different size and charge, and different dielectric contrast. In a recent work, Lekner [48] demonstrated that at small separation two conducting spheres almost always attract each other. For finite dielectrics, Bichoutskaia et al. [12] calculated the dependence of interaction force on size, charge, and dielectric ratios; see also references therein for an overview of historic works. Most of existing calculations use uniform representation of the surface charge, instead of the discrete representation in our work.
We calculate the force for varying dielectric ratios by taking two groups of settings: one is with R = 1 and Q = 3, and the other one with R = 3 and Q = 1. The results with size and charge asymmetries for dielectric contrast ε varying from 0.02 to 1000 are shown in Figure 5 . The plots demonstrate the breaking of symmetry does lead to an attraction between likely charged spheres at small separation. When ǫ > 25, the dielectric spheres have very similar property as conductor. In the right panel of the results, the attraction regime for high dielectric contrast is about R, which is because the second sphere has a radius of 3R and thus the image dipole in this sphere has longer-ranged interaction.
C. Three-body interaction
The polarization effect is essentially a many-body interaction. The presence of the third particle affects the interaction force between two charged spheres. We study the interaction of two charged spheres with R = 1 and Q = 1 in the presence of an interface of different curvatures, i.e., another dielectric sphere with varying radius. The external sphere has a factor of R E of the size R 1 , so there are three dimensionless distances, d, R and R E . The sphere is placed at at a distance R + R E away from the middle of the charged spheres; See Figure 6 (a). The external sphere is charge-neutral, but with the same dielectric contrast to the background, ε, as the charged spheres. As the interactions with low dielectric ratios are always predicted repulsive, we focus on a dielectric permittivity ε = 80, which models water droplets in the air [49] .
From Figure 6 (b), it is observed the properties of these two spheres at a specified separation strongly and nonmonotonously depend on the size of the external interface. Interestingly, all curves show attraction at small separation. When the separation is at the range of spherical radius, both large and small R E lead to repulsive forces (R E = 2 and R E ≥ 50), and the intermediate radii (R E = 5 and 10) are attractive. Starting from d = 0.5, most of curves predict attractive forces for a wide range of d; but for small R E = 2 they are always repulsive. It could be interesting that, at R E = 50 and 500, the two particles have firstly an attraction and then an obvious repulsive force, and then they are attractive which continues for a long range. Finally, all cases are repulsive at the far field (not shown in the figure) as the polarization force is essentially a dipole interaction, shorter than the direct Coulomb repulsion. At the planar limit of the interface, R E = 10 5 , the charged spheres are always repulsive (except the short separation since the surface charge distribution is not completely symmetric), in agreement with existing study [50] .
We use this model to validate the coarse-graining algorithm again. In Figure 6 (c) and (d), the results are the image number and interaction forces for the method with the coarse graining with the parameter δ = 0.005, and we see Figure 6 (d) accurately reproduce the results without using the coarse graining. For problems with three dielectric spheres, the total number of image charges with L5M 3 for one source charge is 13995 by Eq. (9) . Shown in Figure 6 (c), the numbers of images are generally around 1550 for R E ≥ 5 and when the separation is not extremely small. The reduction is significant, but it is still high because most of image charges in the large sphere can not be coarse-grained. If the size of the external sphere is not so large, for example, in the case of R E = 2, the number becomes less than 30 when d > 4.5.
IV. CONCLUSIONS
In summary, we have investigated the image charge algorithm for evaluating electrostatic interaction between multiple dielectric spheres and reported the results for pairwise interactions of charged spheres in different dielectric environments. It is shown the algorithm is attractive to produce an accurate approximation of the polarization potential. And it is found that the like charge attraction is a general phenomenon for a wide range of dielectrics in condition of breaking symmetries such as size and charge asymmetry, and in the presence of an external interface.
The main objective of this paper is the design and optimization of the algorithm. Although it is superior to existing algorithms such as bi-spherical harmonics expansion [38] and boundary integral algorithms [51, 52] for multi-spheres, when the algorithm is applied to practical simulations, the computation of source-image interactions will be still expensive. By using the optimized image approximation, we are working on MC simulations of colloidal systems with two macroions to understand the role of image charges for colloidal suspensions at room temperature by taking account of both the ion correlation and the entropy contribution [53] and the effect of size and charge asymmetries [54] . Because the polarization potential can be treated with point image charges, another important direction to speed up calculations is to develop order N log N algorithms for the pairwise interactions, and thus larger particle systems can be tackled. 
